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1. INTRODUCTION
Due to advantages of parallel manipulators over 
manipulators with serial kinematics chains, 
they are commonly used in various industrial 
and research applications. Positioning errors in 
serial kinematic chains propagate throughout the 
chain links, while this is not the case in parallel 
kinematic chains (Tian, Shirinzadeh, Zhang, & 
Alici, 2009). Furthermore, parallel structures 
inherently distribute the forces/torques by the 
actuators providing this class of robots with 
high bandwidth dynamic characteristics (Alici 
& Shirinzadeh, 2006). The parallel structure was 
originally proposed in Gough machine for test-
ing the tires of the airplane (Gough, 1956) and in 
Stewart machine as a flight simulator (Stewart, 
1965). Thereafter, certain parallel architectures 
with more potential applications in robotics 
were developed (Hunt & Primrose, 1993). In 
the past two decades, parallel manipulators have 
received considerable research attentions and 
efforts due to the variety of practical applica-
tions. General applications of this kinematics 
configuration include flight simulators (Salcu-
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dean, Drexel, Ben-Dov, Taylor, & Lawrence, 
1994; Stewart, 1965); shaking tables used to 
investigate the effects of earthquakes in build-
ing structures; support structures for micro/
nano-positioning; industrial robots for high 
speed assembly (Cleary, Brooks, & Hughes, 
1993); force and torque sensors (Kerr, 1989); 
parallel kinematic machines (Zhao, Fang, 
Li, Xu, & Zhang, 1998); minimally invasive 
surgery instruments and even entertainment 
devices (Merlet, 2006). Parallel architectures 
were widely investigated and utilised in flexure 
based mechanisms for micro/nano manipula-
tions (Asif & Iqbal, 2011; Liaw, Shirinzadeh, 
& Smith, 2008b; Tian, Shirinzadeh, & Zhang, 
2009) and for frontier applications such as 
scanning electron microscopy, atomic force 
microscopy, cell surgery, nano surgery, and 
micro/nano surface methodology (Li & Xu, 
2009; Liaw, Shirinzadeh, & Smith, 2008a; 
Yi, Chung, Na, Kim, & Suh, 2003). Parallel 
manipulators have also been developed for 
large workspace providing macro/micro ma-
nipulation capabilities (Alici & Shirinzadeh, 
2006; Portman, Sandler, & Zahavi, 2000). 
Further, parallel micro/nano manipulators 
may be integrated with parallel macro/micro 
manipulators through accurate reconfigurable 
fixturing techniques (Zubir, Shirinzadeh, & 
Tian, 2009). This will enable large workspace 
envelope providing coarse to ultra-precision 
positioning of an end-effector like a surgical 
tool (Moradi Dalvand & Shirinzadeh, 2011d; 
Shoham et al., 2003).
Research efforts have also been directed 
toward utilisation of the parallel robots in medi-
cine applications (Narayanan, Kannan, Zhou, 
Mendel, & Krovi, 2011) and surgery operations 
including laparoscopic surgery (Li & Payandeh, 
2002), bone surgery (Shoham et al., 2003), and 
eye surgery (Nakano, Sugita, Ueta, Tamaki, & 
Mitsuishi, 2009). With the Evolution 1 precision 
robot, a new neurosurgical tool has become 
available for the precise steering of instruments 
within the cranium. This system was used for 
neuronavigation in endoscopic procedures 
(Zimmermann, Krishnan, Raabe, & Seifert, 
2002, 2004). RSPR3, a compact and lightweight 
robot was designed and constructed for knee 
arthroscopic surgery and as an integrated tool for 
registration and surgical assistance in total knee 
replacement surgery (TKR) (Malvisi, Fadda, 
Valleggi, Bioli, & Martelli, 2001). A parallel 
mechanism on a dexterous micromanipulation 
system was developed for use in assembling 
micromachines, manipulating biological cells, 
and performing microsurgery (Tanikawa & Arai, 
1999). A compact parallel robot (CRIGOS) for 
image-guided orthopedic surgery was proposed 
with modular system comprising of a compact 
parallel robot and a software system for planning 
surgical interventions and for supervision of the 
robotic device (Brandt et al., 1999). A micro 
robot called MIPS with a parallel mechanical 
architecture having 3-DOF was developed to 
allow fine positioning of a surgical tool (Mer-
let, 2001). The purpose of MIPS was to act as 
an active wrist at the tip of an endoscope, and 
provide an accurate tool to the surgeon that may 
further offer a partial force-feedback. Another 
6-DOF parallel manipulator called MiniAture 
Robot for Surgical procedures (MARS) was 
developed which is a 5 × 7 (cm2), cylinder, 
weighing 200 (g) (Shoham et al., 2003). It 
can be used in a variety of surgical procedures 
requiring precise positioning and orientation 
of a handheld surgical robot in the vicinity 
of a rigid bony structure. A medical parallel 
robot applicable to chest compression in the 
process of cardiopulmonary resuscitation was 
proposed that is a 3-PUU translational parallel 
manipulator (Li & Xu, 2007). Finally a 6-DOF 
parallel surgical robot for precise skull drilling 
in stereotactic neurosurgical operations was 
developed that is 35 × 35 × 45 (cm3), weighting 
about 6(kg) (Tsai & Hsu, 2007).
In addition to utilisation of parallel robots 
in surgery, hybrid serial-parallel architectures 
have also been proposed in order to obtain the 
advantages of parallel and serial architectures 
together making them able to have accurate 
positioning over large workspace. Successful 
preliminary results were obtained by using a 
serial-parallel robotic system composed of a 
Puma 562 and CaPaMan2 (Cassino Parallel 
Manipulator 2) (Aguirre, Acevedo, Carbone, 
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& Ottaviano, 2003; Briones, Castillo, Carbone, 
& Ceccarelli, 2009; Wolf, Ottaviano, Shoham, 
& Ceccarelli, 2004). Another serial-parallel 
system for surgical tasks was proposed in-
cluding a commercially available serial robot 
(SCARA robot Adept Cobra) and a prototype 
of especially designed parallel manipulator 
with 3-DOF called CaPaMan2bis (Cassino 
Parallel Manipulator 2bis) (Carbone, Marini, 
& Ceccarelli, 2002). It has almost the same 
kinematic design of CaPaMan2, but several 
enhancements in the mechanical design were 
considered in order to increase the stiffness and 
accuracy performance.
In recent years, theoretical research efforts 
in parallel mechanisms were increased in a 
variety of areas in mechanism design method-
ologies and computational analysis of forward 
and inverse kinematics (Carbonari, Bruzzone, 
& Callegari, 2011; Khalil & Guegan, 2004). 
The inverse kinematics solution of parallel 
manipulators with RR-joint (offset universal 
joints) configurations compared with that of 
parallel robots with orthogonal intersecting 
RR-joint or universal joint configurations is 
more complex due to the existence of RR-joint 
variables (Moradi Dalvand & Shirinzadeh, 
2011c). A 3-UPU parallel manipulator with 
U-joint configuration was proposed and its 
inverse kinematics was analysed (Tsai, 1996). 
Due to zero offsets in U-joints, its kinematics is 
simple and straightforward. The offset 3-UPU 
that is a special case of 3-RRPRR parallel 
manipulator was also studied (Ji & Wu, 2003). 
The forward kinematics of parallel mechanisms 
has also gained attention in past (Boudreau 
& Turkkan, 1996; Didrit, Petitot, & Walter, 
1998). In contrary to serial robots, the forward 
kinematics analysis of parallel mechanisms is 
complex and even more complicated than that 
of inverse kinematics of such mechanisms. 
The forward kinematics solution of parallel 
manipulators usually involves a set of highly 
nonlinear and coupled equations denoting ki-
nematics constraints of the parallel kinematics 
chains. Solving such a problem is very impor-
tant for avoiding the singular configurations 
(Alberich-Carraminana, Garolera, Thomas, & 
Torras, 2009), calibrating the zero configuration 
of the mechanism, and evaluating the inverse 
kinematics solutions (Parikh & Lam, 2005). 
Forward kinematics analysis of parallel robots 
with offset U-joints leads to highly nonlinear 
equations and is much more complex than that 
of UCU parallel manipulators (Moradi Dalvand 
& Shirinzadeh, 2011).
Most of these approaches for obtaining all 
possible configurations of parallel manipulators 
can be classified into closed-form analytical 
methods and numerical methods. Analytical 
methods currently include Sylvester’s Dia-
lytic elimination method, Wu’s method and 
Grobner’s bases method (Innocenti, 2001; Lee 
& Lee, 2003; Marco & Vincenzo, 2003). The 
main principle of such methods is to formulate a 
symbolic equation or equation set with a single 
unknown by means of certain elimination or 
induction techniques. To avoid the restriction 
by the geometry, numerical methods are devel-
oped to solve the forward kinematics problem 
of parallel manipulators (Morgan & Sommese, 
1987; Wang & Oen, 2002). A solution based on 
the polynomial continuation along with a section 
surveying advanced techniques was presented 
and a modified homotopy method was intro-
duced (Wampler, Morgan, & Sommese, 1990). 
All of the configurations of the general Stewart 
platform using polynomial continuation method 
were obtained (Sreenivasan & Nanua). Further-
more, homogeneous polynomial continuation 
method was applied to the forward kinematics 
problem of the Stewart platform, and it was 
shown that for the Stewart platform of general 
geometry this problem has 40 distinct solutions 
(Raghavan, 1993). Finally a real parameter 
continuation method for a complete solution 
of forward position analysis of the general 
Stewart platform has also been proposed (Mu 
& Kazerounian, 2002).
This paper studies an offset 6-DOF par-
allel micro-manipulator which is basically 
Gough parallel robot but with orthogonal non-
intersecting RR pairs or offset U-joint con-
figurations instead of U-joints used in Gough 
robots (Gough, 1956). This paper also aims 
to analyse kinematics of this special parallel 
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micro-positioning robot and propose solutions 
for both inverse and forward kinematics. Figure 
1 shows an experimental setup comprised of 
Hexapod that is installed upside down and is 
incorporated with a force/torque sensor and an 
end-effector (air micro-grinder). The remainder 
of this paper is organized into five sections. 
In the next section, the structural parameters 
of this parallel robot are described. In Section 
3, the forward kinematics is analysed. Inverse 
kinematics analysis is studied in Section 4. 
Numerical simulation results for the micro-
manipulator under study are demonstrated in 
Section 5. Concluding remarks are given in 
Section 6.
2. STRUCTURAL PARAMETERS
In this paper, a 6-DOF parallel micro-manipu-
lator is studied that is composed of a fixed base 
and a mobile platform connected together by six 
RRCRR legs that enable the robot to obtain both 
translational and rotational motions in six direc-
tions. Figure 2 shows the schematic of the i - th 
leg of this micro-manipulator as well as the 3D 
model of five remaining legs assembled using 
two planar polygons depicting the base and 
mobile platforms of Hexapod. A reference frame 
B – X
B
Y
B
Z
B
 is attached to the fixed base and the 
mobile frame P – X
p
Y
p
Z
p
 is attached to the mobile 
platform. Legs of such robot are attached to the 
base by a set of revolute joints whose axis cen-
tres are points b
i
 and form a polygon. They also 
are attached to the moving platform with set of 
revolute joints whose axis centres are points p
i
 
forming another planar polygon. Each leg has 6 
joint variables denoted by (q
1i
, …, q
6i
). The ac-
tuator lengths are denoted by q
3i
(i =1, …, 6). 
Different kinematics parameters and positions 
including qb , qp , fb , Rb, Rp, and Rj are sche-
matically described and defined in this figure. 
For the convenience of kinematics analysis and 
in order to represent the pose (position and 
orientation) of joints connected to the base and 
to the mobile platform, six local frames B
i
 and 
six local frames P
i
 are set up at points b
i
 and p
i
, 
respectively. Assuming the rigidity of the two 
bodies B and P and the perfect assembly of 
joints and actuators, the pose of the end-effec-
tor is defined by a six-dimensional vector [X, 
Y, Z, α, β, g ] as shown in Figure 2.
Figure	1.	An	experimental	setup	including	6-DOF	parallel	micro-manipulator
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3. FORWARD KINEMATICS
The forward kinematics analysis of manipula-
tors with parallel kinematics configurations 
includes determination of the pose of the mobile 
platform, namely frame P, with respect to the 
fixed base, namely frame B, ([X, Y, Z, α, β, g
]) using any given actuator lengths (q
3i
). Unlike 
serial manipulators, the forward kinematics of 
general parallel structures, even with U-joint 
configurations, cannot be easily obtained in 
closed form and usually numerical methods are 
used. The existence of the offset between joints 
of RR-joints in the parallel robot under study 
(Hexapod) makes the forward kinematics solu-
tion more complicated involving highly non-
linear and coupled equation that are discussed 
in this section. Since each branch leg of the 
6-RRCRR parallel robot can be regarded as a 
serial manipulator with 6 joint variables q
ji
 of 
the j - th joint of the i - th leg, we can derive 
leg vectors as follows:
B
i i
B
B
B
P
B
P
p
i
i
i i
ib p T T T p i
 
= ∀ =−1 1 6( ,..., )  
(1)
Where X YT denotes transform matrix from 
frame Y to frame X. Equation set (1) results in:
B
i i
B
b p
B
b p
B
b p
Ti i
i i
i
i i
i
i i
b p X Y Z
 
= [ 1  (2)
where
([(( ( )) )] ( )↓
↑
↓ ↓ ↓ ↓
↓ ↓ ↓
↓ ↓ ↓ ↓
=
+ − −
+ −
B i X b i p i
X Y ZS b R pSG
R pC pG R
η ξ φ
θ
2
3 bC
R bC B i Y b i p i
YC b XS b R pS pG
µ
ω
θ θ θ
/
[( ( )) )] ( )
2
5
− =
− +
−
↓ ↓
↑
↓ ↓ ↓ ↓
↓ ↓ ↓ ↓ ↓
R pC pG R bS b B i Z↓ ↓ ↓ ↓ ↓ ↓
↑
↓+θ θ6 @[( ( )) )]
 
(3)
Figure	2.	Schematic	description	of	the	i	-	th	leg	of	a	6-DOF	parallel	micro-manipulator
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In the above equations S and C denote 
sine and cosine functions. On the other hand 
we can also derive the leg vectors using the 
mapping matrices of the joints frames in each 
leg as follows:
B
i i
B
J
B
p
B
p
p
i
i
i
Bi
i
i
i
i
ib p T T T p i
 
= ∀ =
' '
' ( , ..., )1 6  
(4)
The equation set (4) results in:
B
i i
B
b p
B
b p
B
b p
Ti i
i i
i
i i
i
i i
b p X Y Z
 
= [ 1  (5)
where
B
b p
B
i i j i i
j i i i
B
b p
j i
i
i i
i
i
i i
X q Sq RCq Sq
RCq Cq Sq Y
RCq
= + −
=
3 2 5 2
2 4 5
1
@
+ −
+
+
q Cq Cq
R Sq Sq Sq
RCq Cq Cq RC
i i i
j i i
j i i i j q
3 2 1
4 5 1
2 5 1  (6)
Using equivalent terms of Equations (3) 
and (6), three sets of equations are derived as 
follows:
X Y ZS R SG H S
R C G q Sq
RC RC
RC
b p b b
p p i i
b b
j
i i
η ξ φ φ
θ
ωµ
+ − − +
+ − =
− − −
2
3 3 2 0
2 2 5 2 4 5i i i i
Sq RjCq Sq+
 
(7)
YC XS R S RS G
R C G RCq Cq Cq
RCq q
b b b b p
p p j i i i
j i i
q q q q
q
− + +
− − =
− −
5
6 2 5 1
1 3
0
Cq Cq R Sq Sq Sq
RCq Cq Sq Sq
i i j i i i
j i i i i
2 1 4 5 1
4 1 2 5
+
−
 
(8)
X Y ZC
R S R S
R Sq R C G R S
q Cq Sq
b
b b
j i pi p p p
i i i
λ δ φ
θ θ
µ ω− + − −
− − − =
−
2 2
01 9
3 2 1 −
−
− +
RCq Cq Sq
RjCq Sq Sq
RCq Sq Sq Sq G
j i i i
i i i
j i i i i
2 5 1
1 4 5
4 2 5 1 8
 (9)
These three sets of equations (totally 18 
equations) with 30 unknown joint variables as 
well as 6 unknown pose variables of the mobile 
platform and in total 36 unknown variables 
make it impossible to derive an analytical solu-
tion. Thus, a numerical methodology has to be 
employed. In this research a numerical iterative 
technique based on Newton-Raphson method-
ology is employed to solve the forward kine-
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matics problem. In the proposed methodology, 
for a certain actuator lengths vector qaiG , the 
platform pose p is calculated such that it makes 
qaiG equal to the inverse kinematics solution for 
p. Therefore, the inverse kinematics solution 
for this parallel micro-manipulator with special 
configuration also needs to be studied.
4. INVERSE KINEMATICS
The inverse kinematics analysis of parallel 
manipulators involves finding the actuators 
lengths (qai ) for any given pose of the frame p 
of the mobile platform with respect to the 
global frame B of the fixed base. For the micro-
manipulator under study (Hexapod) the actua-
tor lengths for any given p can be calculated 
as:
q X Y Z
i
ai
B
q
B
q
B
q
i
i
i
i
i
i
= +
∀ =
3 3 3
2 2 2
1 6( ,..., )
 (10)
where
B
q
b
b
p p p p
p p j
i
i
X X Y ZS b
RC
RC
R C G R S G
S S G R
3
2
3 2
2
2
2
= + − −
− + −
+ −
η ξ φ
θ θ
φ θ
µ
ω
Cq S G C G
R Sq C G C S G
i p p
j i p p p
6 3 2
6 1 3
( )
( )
θ θ
φ θ φ
+
− −
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q j i b b p p
p p j i p p
i
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Y RCq YC XS R S G
R C G RCq S G C G
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2
1 5
6 6 6
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− + +
θ θ θ
θ θ θ( 5
6 5
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θ φ
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RJ Sq i RJ Sq i RJ Sq i
C pS p
↓
−
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6
9 8
1 1 6
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θ θ
θ φ G S pG S pk S pG
R pS pG RJ Sq
↓ ↓ ↓ ↓ ↓ ↓
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+ +
− −
9 9 8
8 1
φ φ θ
θ
)
(13)
All the parameters in equations (11-13) are 
constant and known except q
1i
 and q
6i
 that are 
variables of RR-joints of each leg. In order to 
determine the inverse kinematics solution, these 
dependant variables need to be obtained. Ac-
cording to the characteristic of the RR-joint, it 
is obvious that lines b
i
b’
i
 and b
i
p’
i
 lied on planes 
Y
B
Z
B
 are always collinear. In other words, the 
angles between axes Y
P
 and lines p
i
p’
i
 are always 
equal to the angles between axes Y
p
 and lines 
p’
i
b’
I
 projected upon the planes Y
p
Z
p
. These 
constraints can be mathematically explained 
using two sets of nonlinear equations as follow:
tan( )
( ,..., )
q
Z
Y
i
i
B
q
B
q
i
i
i
i
1
3
3
1 6
=
∀ =
 (14)
tan( )
( ,..., )
q
Z
Y
i
i
p
q
p
q
i
i
i
i
1
3
3
1 6
=
∀ =
 (15)
5. RESULTS AND DISCUSSION
Numerical simulations are performed to verify 
the validity of the proposed forward and inverse 
kinematics solutions for the 6-DOF parallel 
micro-manipulator under study. Simulations 
are carried out with the following geometric 
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parameters of the fixed base and mobile platform 
of Hexapod: Rb = 151.076 (mm), Rp = 92.371 
(mm), 0.2389( )b radθ = , , and 
the following geometric parameters of six legs 
, . The initial pose of 
the mobile platform is  where 
the position and orientation are stated in mil-
limetre and radian, respectively. Two arbitrary 
poses of the frame P with respect to frame B are 
chosen and their inverse kinematics solutions are 
determined by help of the proposed algorithm 
described in Figure 3. Chosen poses (p1 and p2) 
and their corresponding kinematics solutions in 
(mm) (  and ) are given in Tables 1 and 2. 
Figure	3.	The	flowchart	for	the	inverse	kinematics	solution	of	Hexapod
Table	1.	Two	arbitrary	poses	of	the	mobile	platform	
Pose X (mm) Y (mm) Z (mm) α (rad) β (rad) g ( )rad
p
1
+55.0000 -32.0000 +316.4000 -0.2094 +0.4363 -0.3316
p
2
-36.0000 +44.0000 +310.4000 +0.0873 -0.2967 +0.3665
Table	2.	Inverse	kinematics	computations	for	the	poses	p
1
	and	p
2
L (mm) Limb 1 Limb 2 Limb 3 Limb 4 Limb 5 Limb 6
q3
1
+12.6051 +22.4274 +59.3198 +57.7398 +26.2840 -35.3880
q3
2
+76.7416 +63.4710 -09.6124 +34.5255 +13.9101 +37.9966
36   International Journal of Intelligent Mechatronics and Robotics, 2(1), 28-40, January-March 2012
Copyright © 2012, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.
The simulation task is to find the poses of the 
platform for given limb lengths  and  and 
compare them with the known platform poses 
from Table 1. Applying the numerical technique 
proposed in this paper and considering p0 as the 
initial guess for the algorithm and a tolerance 
of 1 × 10-4 (mm) as the stopping criterion, 
convergences are reached as shown in Tables 
3 and 4. The numerical results demonstrate 
that solutions of forward kinematics problem 
that must be identical to the values of poses p1 
and p2 from Table 1, are obtained within four 
iteration steps. It should be noted that the initial 
poses of the robot for these two examples are 
the home position. So, obviously assuming the 
initial pose of the robot as pose of a previous 
point on the trajectory a short time interval in 
the past decreases the number of iteration steps 
and make the procedure much faster.
6. CONCLUSION
This paper has presented the kinematics of 
special 6-DOF parallel micro-manipulators with 
offset U-joints. This family of manipulators 
provides 6-DOF rotational and translational ma-
nipulations and have more complex kinematics 
than that of UCU, RRPRR and UPU families. 
Inverse and forward kinematics equations were 
derived and analysed. Numerical solutions to 
both inverse and forward kinematics of Hexapod 
were proposed. Numerical results to validate 
the accuracy and effectiveness of the obtained 
theoretical results are provided. Good perfor-
mance, high accuracy and fast convergence 
were demonstrated by the proposed solutions to 
forward and inverse kinematics of this parallel 
micro-positioning. It is worth nothing that the 
laser interferometry-based sensing technique 
Table	3.	Results	of	forward	kinematic	q3
1
Iteration X (mm) Y (mm) Z (mm) α (rad) β (rad) g ( )rad
0 +00.0000 +00.0000 +328.4000 +0.0000 +0.0000 +0.0000
1 +48.5052 -25.8502 +353.9382 -0.1508 +0.4104 -0.2735
2 +55.1064 -32.1002 +343.6952 -0.2069 +0.4353 -0.3312
3 +54.9996 -31.9996 +343.4003 -0.2094 +0.4363 -0.3316
4 +55.0001 -32.0000 +343.4000 -0.2094 +0.4363 -0.3316
Table	4.	Results	of	forward	kinematics	solution	for	q3
1
Iteration X (mm) Y (mm) Z (mm) α (rad) β (rad) g ( )rad
0 +00.0000 +00.0000 +328.4000 +0.0000 +0.0000 +0.0000
1 -38.3066 +49.2468 +320.8976 +0.1022 -0.3581 +0.3351
2 -36.0708 +43.9159 +310.5671 +0.0867 -0.2950 +0.3686
3 -36.0002 +44.0000 +310.4002 +0.0873 -0.2967 +0.3665
4 -36.0000 +44.0000 +310.4000 +0.0873 -0.2967 +0.3665
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(Teoh, Shirinzadeh, Foong, & Alici, 2002) will 
be employed in the next phase of the research 
to acquire independent position and velocity 
measurements, and to perform tracking and 
guidance of the end-effector (Moradi Dalvand 
& Shirinzadeh, 2011a, 2011b) in 3D directions 
(Shirinzadeh et al., 2009) in order to experi-
mentally investigate and verify the proposed 
theoretical results of this paper.
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